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Book Review 
ROBERTO TORRE’FTI, Philosophy of Geometry from Riemann to Poincare’, Reidel, 1978. 
This “selective critical survey of modern philosophy of geometry during its seminal 
period, which can be said to have begun shortly after 1850 with Riemann’s generalized 
conception of space and to achieve some sort of completion at the turn of the century 
with Hilbert’s axiomatics and Poincare’s conventionalism” is very good. Although written 
from a philosophical standpoint, it should have a wide readership among mathematicians 
because of its scholarship, mathematical accuracy, and charm. 
A brief introductory chapter recalls the essential features of Euclidean and Cartesian 
geometry. Especially thought-provoking is the discussion of the relations of Euclid’s 
horoi, aitemata, and koinai ennoiai (translated as “definitions,” “postulates,” and “com- 
mon notions”) to Aristotle’s earlier horismoi, hypotheseis, and asiomata (translated as 
“definitions,” “hypotheses,” and “axioms”). The author’s claim (p. 35) that “there is 
every reason to believe that Descartes would readily have admitted” that directed lengths 
constitute a “complete ordered field” (i.e., the real field [w) seems more questionable, 
however. 
In 1800, the foundations of geometry were still taken on faith (in Euclid’s rigor) by 
most mathematicians. As the author observes later (p. 202): 
The most popular textbook of geometry in the 19th century and perhaps the 
most successful mathematical best-seller ever was Legendre’s I%ments de 
gbm&ie (1794), whose 37th French edition appeared in 1854. Legendre simpli- 
fied Euclid’s list of principles considerably. The earlier editions give definitions 
of geometry extension, line, point, and straight line, and five axioms, mostly of 
the kind that Dugald Stewart said would never yield a single conclusion. On this 
slender basis, geometry can be built only with the aid of surreptitious assump- 
tions. In fact, Legendre’s work can be profitably used by teachers of logic as a 
source-book of elegant, subtly fallacious arguments. Its showpiece is, of course, 
the demonstration of the parallel postulate. 
However, this unquestioning attitude was to change radically very soon. By 1830, 
self-consistent theories of non-Euclidean geometry satisfying all Euclid’s assumptions 
except his parallel postulate had been constructed independently by Bolyai (son of a 
friend of Gauss), Lobachevsky, and Gauss. 
In 1854, Riemann took the bold and imaginative step of considering any differentiable 
“manifold,” in which for some positive definite gij(x), ds2 = Cgij(x) dq dxj, as a 
possible “space.” In 1866, 1868, and (after learning from Beltrami about non-Euclidean 
geometry) in 1870, Helmholtz made clear the fundamental role played by “free mobility” 
in geometry. 
Then in his celebrated Erlangen Program (1872, revised in 1893). Felix Klein showed 
how different approaches to geometry (projective, Euclidean, conformal, etc.) could be 
identified with the different continuous groups, leaving their basic concepts invariant. 
And around 1890, Sophus Lie showed how to use the “Lie algebra” of these groups to 
prove conjectures of Riemann and Helmholtz. 
In reviewing these basic contributions, Torretti is not afraid to point out their short- 
comings. Thus Klein failed to mention the concept of affine geometry, while Lie inter- 
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changed real and complex functions freely, without any explanation, and his basic theo- 
rems were local. 
Unquestionably, Hilbert’s sharp contributions to the foundations of geometry have had 
far more impact on mathematics than the philosophical speculations of Bertrand Russell 
or Poincare, which in retrospect seem incomplete and cloudy. Hence mathematicians 
may feel that Torretti’s book gives undue prominence to the latter; moreover, its 
failure to note the importance of Hilbert’s efforts to free continuous groups from 
differentiability assumptions is an important omission. 
However, we must remember that Russell and PoincarC were far more eminent as 
philosophers than Hilbert. Moreover, Torretti is alert to the foibles of philosophers, 
charging “the self-appointed custodians of Kantian orthogoxy” with being the “fiercest 
opponents of non-Euclidean geometry” (p. 33), and blaming them for the “uproar of 
Boeotians” feared by Gauss (p. 53). He also twits Hilbert (p. 228) for invoking Kant’s 
authority in the epigraph to his GrundZugen “to justify a most un-Kantian deed.” 
Indeed, it is in large measure its judicious blend of mathematics and philosophy, 
tastefully spiced by many witty quotations and sallies, that makes this book so well worth 
reading. 
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